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The results of a linear-elastic analysis to determine the phase angle at the tip of an interface crack in the 
peel test are presented in this paper. The phase angle is fairly insensitive to the peel angle and, when 
the film and substrate have identical elastic properties, the mode-I and mode-I1 components of the crack- 
tip stress field are approximately equal. The phase angle has some dependence on both the elastic mis- 
match and the applied force; it is very sensitive to any residual strains in the film. 

KEY WORDS peel test; fracture mechanics; mixed-mode fracture; peel angle; phase angle; residual 
strain: stress-intensity factor; energy-release rate. 

1 INTRODUCTION 

The peel test has been used for many decades as a convenient and relatively simple 
means of characterising adhesion. The test consists of measuring the force required 
to peel a film from a substrate. This force is termed the peel force and, at the 
simplest level, the adhesion of a film is sometimes quoted in terms of this force. 
Such a measure of adhesion, however, has no utility beyond providing a reference 
with which to compare other nominally identical films loaded in an identical fashion. 
A more sophisticated approach uses the peel force to calculate a value for the 
toughness of the film-substrate interface. Under rather limited conditions, this value 
can then be used to predict the strength of identical interfaces under different 
loading geometries. 

During the years that it has been used as an industrial test, there have been a 
number of analyses of the peel test. Initial calculations for the peel geometry treated 
the film as an elastic beam attached to an elastic foundation which represented 
the interaction (often assumed to be an adhesive) between the film and substrate. 
The interface crack was assumed to advance when the maximum stress in the elastic 
foundation reached a value identified with the strength of the adhesive.'-4 Other 
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186 M. D. THOULESS AND H.  M .  JENSEN 

calculations used an energy-balance approach to deduce the relationship between 
the toughness of the interface and the peel Many of these analyses assumed 
that the film deformed in a linear-elastic fashion, but some incorporated visco- 

and ela~to-plastic~-’~ effects. Indeed, one of the more severe limitations to 
the peel test is that large stresses and bending deformations may occur that can 
result in significant deviations from linear behaviour. This has been carefully consid- 
ered and analysed in a series of recent papers by Kim, Aravas, and co-workers.12-1s 

In the general field of interfacial fracture, many studies have suggested that the 
measured toughness of an interface may depend on the degree of symmetry of the 
crack-tip stress field. 16-** Since these “mixed-mode’’ effects have not been considered 
in more than a cursory fashion for the peel test, the present paper presents an analysis 
of the crack-tip stress fields for this geometry. The calculations assume linear elas- 
ticity and, therefore, their utility is limited to hard films subjected to relatively low 
peel forces. Despite this caveat, the solutions are rigorous in the sense that they allow 
for large axial deformations within the film (provided that these remain linear), and 
they are valid for any general combination of elastic properties of the film and 
substrate. 

2 THEORY 

2.1 Fundamental Solution for Thin-Film Delamination 

The fundamental problem that underlies many aspects of the mechanics of thin-film 
delamination has been analysed by Suo and Hutchin~on,*~-*~ and is illustrated in Fig. 
1.  Any arbitrary set of loads that may act so as to cause the film to delaminate can be 
represented by a single force, Po, per unit width, acting along the neutral axis of the 
film, and a bending moment, M,, per unit width, provided that the crack tip is suffi- 
ciently far removed from the edge of the sample or from other points of application of 
the loads. If the loads are applied externally, then P, and M ,  are directly related to 
them. If the film is under a residual stress, then P, and M, represent the loads that 
must be applied to relax this stress. 

For a plane geometry, in which the substrate is infinitely thick and both the 
substrate and film are isotropic elastic solids, the energy-release rate at the tip of 
the crack in Fig. 1 is given by24 

(8 = (Pt + 1 2 M ~ / h 2 ) / 2 E l h  ( 1 )  

FIGURE 1 The fundamental geometry for analysing the mechanics of thin-film delamination. 
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MECHANICS OF PEEL-TEST GEOMETRY 187 

where h is the film thickness, El = E l ,  the Young's modulus of the film in plane 
stress, 8, = E l / ( l  - u:) in plane strain, and u1 is Poisson's ratio of the film. The stress- 
intensity factor, K ,  is related to M ,  and P, by24 

3( 1 - 0 1 )  
Kh" = - [ [ 1 + i( 12) (M,jP,h)]e'"P,,h - 

where 

€=-In 1 (s), 
2.rr 

w, a function of a and p, is given by Suo and Hutchinson,'3 and 01 and p are the 
Dundurs' parameters for the mismatch between the film and substrate: 

El - 8, 
E l  +E' 

(y=- 

where IJ. is the shear modulus, K = 3 - 4u in plane strain, K = (3 - u ) / (  1 + u )  in plane 
stress, and the subscripts 1 and 2 refer to the film and substrate, respectively. The 
phase angle, I), which relates the real and imaginary parts of equation ( 2 )  is given 
by24 

lm(Kh")  - 
Re(Kh") - - (12)"' (M,IP,,h) tan w + 1 

(12)"* ( M J P A )  +tan w 
tan += (3) 

In the special case when p=O, equation (2) gives the conventional mode-I and 
mode-I1 stress-intensity factors, K 1  and KII, respectively: 

K1 + iK l l  = - [ 3( 1 - a)]  I" [ 1 + i (12) (M,JP,h)]e'" P,h ~ (4 )  

+ = tan l ( K I I / K I )  ( 5 )  

The phase angle is then 

The results of Ref. [24] ,  therefore, reduce the analysis of any thin-film delamination 
problem to one of determining P,  and M,. This approach is used for the peel test 
in the following section. 

2.2 Peel Test 

The macroscopic geometry for the peel test is shown in Fig. 2. A force, P,, per unit 
width, is applied to the film at a large distance from the substrate and at an angle 0 
to it. A simple consideration of the energy changes that occur as the film delaminates 
allows the energy-release rate to be calculated ash 

D2 

The applied force, P,, acts so as to produce a force Po and a bending moment M, 
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/ 

FIGURE 2 The peel-test geometry. 

in the region of the crack tip as illustrated in Fig. 1. Considerations of equilibrium 
allow a relationship between Po and P, to be written down as 

P, = P, cos 0 (7) 

Equations (l), (6) and (7) can be combined to obtain an expression for M,: 

M,,=[+(-+Px(l-cosO) E h3 P i  sin‘0 
2Elh  

So that, from equation (3), 

(9) 
[sin28 + 2( 1 - cos 0 ) / ~ , ] ” ~  + tan w cos 0 
-tan w[sin28 + 2( 1 - cos 0 ) / ~ , ] ’ / ~  + cos 0 tan JI= 

where E,= P , / E l h  and can be considered to be the applied strain. As e,-+O, this 
equation reduces to 

[2( 1 - cos 0 ) / ~ , ] ” ~  + tan w cos 0 
- tan w[2( 1 - cos 8 ) / ~ , ] ’ ”  + cos 0 

tan IJJ = 

3 DISCUSSION 

3.1 Phase Angle 

The results of the previous section can be used to illustrate some aspects of the peel 
test. For ease of presentation, attention is limited to systems for which the film and 
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MECHANICS OF PEEL-TEST GEOMETRY 189 

substrate have identical elastic parameters, i.e., the Dundurs' parameters, ct and p, 
are both equal to zero, and the Young's modulus of the film and substrate are both 
given by E .  The effect of non-zero values for the Dundurs' parameters is reflected 
simply by a change in w. When a = p = 0, w = 52.1°23 and the phase angle is given by 
(Eqn. 9) I (1 1) 

[ sin28 + 2( 1 - cos O ) / E _ ] " ~  + 1.286 cos 8 
- 1.286[sin2O + 2(1- cos O) /E , ]~ '~  + cos 0 

+ = tan ~ 

This function is plotted in Fig. 3 for a range of E,. The sign of 3, has been chosen 
with the convention that the mode-I1 component of the stress-intensity factor acts 
so as to give a tendency for the crack to propagate into the film when 3, is less than 
zero. IJJ is always negative, so, unless the film has a substantially higher fracture 
resistance than the interface, one should expect the film to 

A surprising result illustrated in Fig. 3 is that the phase angle is fairly insensitive 
to the peel angle. The degree of this insensitivity increases as the applied load 
decreases until, in the limit of E, = 0, the phase angle is constant and equal to - 37.9" 
for all peel angles. In particular, it should be noted that the configuration sometimes 
referred to as the "a /2  peel-test" (Le . ,  8 = 900) is certainly not the pure mode-I test 
it is occasionally claimed to be. Indeed, it would appear to be impossible to devise 
a peel test that would allow one to investigate fracture under pure mode-I conditions 
in the absence of any residual strains within the film (see Section 3.4). 

0" 

-1 0" 

-20" 

-30" - 
m F -40" 
Q) 2 -50" 

-60" 

-70" 

-80" 
-90" 

0" 20" 40" 60" 80" 100" 120" 140" 160" 180" 
Peel angle 

FIGURE 3 
to the case when there is no  elastic mismatch between the film and substrate.) 

Phase angle as a function of peel angle for various peel strains. (This figure corresponds 
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190 M .  D.  THOULESS AND H .  M. JENSEN 

A second result, emphasised in Fig. 4, is that the phase angle equals -90" at a 
critical peel angle which depends on E,. This corresponds to a situation in which 
pure mode-I1 acts at the crack tip. If the peel angle is less than this critical value, 
the surfaces of the crack near its tip will be forced into contact. Such a phenomenon 
has been observed e~perimental ly .~ Any analysis of fracture under these conditions 
must include the effects of frictional interactions between the crack surfaces within 
the crack-tip contact   one.*^-*^ If 8 is larger than the critical value, K ,  will be positive 
and the crack will be open to its tip. 

3.2 Limit of Applicability of Elastic Fracture-Mechanics 

The analysis presented in this paper is valid only under conditions of small-scale 
yielding. There are two possible sources of plasticity in a peel test which may act so 
as to cause errors in any interpretation of the data. The first is yielding of the 

Applied strain, E, 

FIGURE 4 The peel angle below which crack-tip contact occurs, as a function of the peel force. (No 
elastic mismatch between the film and substrate.) 
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detached film caused by the applied force; the second is if the interface has a suffi- 
ciently high fracture resistance that the size of any non-linear region associated with 
the crack-tip stress field becomes significant with respect to the film thickness. 

The condition to ensure that deformation of the detached film is always elastic is 
that the sum of the absolute values of the maximurn bending stress and the axial 
stress associated with the applied force must not exceed the yield stress of the film, 
i. e., 

6M, P,lcos8( 5 Y .  h h? + 

This condition, upon substitution of equation (8) into i t ,  becomes 

[3 sin '8-cos20]~~+[6(1 -cos 8)+2(Y/l?)')lcos 0 1 1 ~ -  (Y/l?)'sO (13) 

and is used to plot Fig. 5 which shows how the maximum permissible value of P, 
varies with 8. In the limit of Y/E--+O, equation (13) gives the condition 

~,s(Y/l?) ' /[6( 1 - cos O ) ]  (14) 

When 8=90", this equation further reduces to one derived by Kim et ~ l . " - ' ~  
The validity of the "small-scale yielding" assumption can be estimated from stan- 

dard empirical criteria for ensuring the validity of a fracture test.2' For thin-film 

plastic deformation of film 

0" 20" 40" 60" 80" 100" 120" 140" 160" 180" 
Peel angle 

FIGURE 5 
of the film to remain elastic. 

Maximum permissible value of the applied load for the stresses within the detached portion 
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192 M. D .  THOULESS AND H .  M. JENSEN 

geometries, the criterion that the size of the plastic zone should be small compared 
to the film thickness sets an approximate lower-bound on h : t  

h25&ly2 (15) 

In the limit of ~ ~ j - 0 ,  %=P=(l -cos €I) and the condition for “small-scale yielding” 
becomes 

E,S(Y/E)?[5(1 -cos €I)] (16) 

This is very similar to equation (14), so it appears that both criteria give similar 
limitations on the maximum value of the peel force that will allow unambiguous 
values of the interface toughness to be deduced. However, it is expected that minor 
violations of the “small-scale yielding” criterion will introduce less ambiguity into 
the results than will non-linear deformation of the attached film. Kim and co- 
workers have done extensive analyses for the mechanics involved when large-scale 
plasticity occurs, and have calculated the energy dissipated in the plastic deforma- 
t i ~ n . ’ * - ’ ~  

3.3 Mixed-Mode Fracture 

Experimental observations suggest that the fracture resistance of an interface gener- 
ally increases with the magnitude of the phase angle.’h-22 Although the peel test is 
not a good geometry with which to observe the effects of phase angle on fracture 
(Section 3.1), for the sake of completeness this section will illustrate how the peel 
force might be influenced by the phase angle. As would be expected from the results 
of Fig. 3, the effects become more significant at low peel angles for relatively large 
peel forces. To examine the effect of mixed-mode fracture, an empirical relationship 
that relates the fracture resistance, r(+), at a phase angle + t o  the fracture resistance 
under pure mode-I conditions, rlC, must be assumed. An example of such a relation- 
ship is 

r(+) = rIC[ 1 + tan2( 1 - A)+] , (17) 
which has the advantage of being able to illustrate a wide variety of behaviour by 
a simple change in A. For example, A = 1 corresponds to a criterion in which the 
fracture resistance is independent of +; the opposite extreme, when A = 0, corre- 
sponds to a criterion in which the mode-I component must equal a critical value for 
fracture to occur. 

The peel force, P:, is given by setting P, to P: and then equating equations (6) 
and (17): 

T * C  
2 ( E h  Eh Eh 

2 
- -  p: ++ (1 - cos €I) -7 [ 1 + tan’(1 -A)+] = O  

This can be solved for P:, and the results are plotted in Fig. 6. The peel force in 

+If  dislocation emission occurs in the interface ahead of the crack over a length scale that is large with 
respect to the film thickness, “small-scale yielding” will also be violated. This possibility is not considered 
here. 
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this figure has been normalised by the value of r($) for 0 = 90" since this quantity 
is a more appropriate normalising parameter for the peel test than TIC. The limiting 
solution of equation (181, as r(+)/Eh+o, is 

mr(+ = - 37.90) = i/(i - cos e) (19) 

It should be emphasised that the trends predicted in this section are expected only 
under conditions for which the assumptions inherent in a linear-elastic, fracture- 
mechanics analysis are valid. If these assumptions are not met, then the variation 
of the peel force with the peel angle may well be dominated by large-scale non- 
linear effects. This appears to be the case for at least one recent study of the effect 
of peel force on peel angle,"' and an analysis of the type given in Refs. 12-15 would 
probably be more appropriate than the present one. However, i t  is interesting to 
note that when the strain-energy term of equation (6) is not ignored, the apparent 
fracture resistance of the interfaces examined in Ref. 30 may be increasing as the 
peel angle is decreased at the smallest angles studied. 

3.4 Effect of Residual Strain 

The presence of a residual strain within the film influences the mechanics of the peel 
test in a fairly significant fashion. If the residual strain is uniform and equal to E, 
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194 M. D. THOULESS AND H. M. JENSEN 

throughout the film, an energy-balance calculation allows the energy-release rate 
to be calculated as 

Pz, Ehr; 
% = y  + p , ( i  - cos 0) - pXE, ,  cos 0 +- 

2Eh 2 
In the limit of P,/Eh+O, this reduces to 

%/P, = (1 - cos 0) - E, cos 0 + &2EX (21) 

which, when 0=90", is identical to the result derived by Kendall.3' It is obvious that 
under this condition the effect of any residual strain is to raise the energy-release 
rate available to propagate an interface crack. In the absence of any dependence of 
the interface toughness on the phase angle, both compressive and tensile residual 
strains act to lower the peel force. However, the effect of a compressive residual 
strain on the phase angle is different from that of a tensile residual strain, and this 
difference may be reflected in the peel force, The phase angle can be calculated by 
recognising that the effective load, Po, acting on the crack tip (Fig. 1) is given by 

Po= P,  cos 0 - E,Eh (22) 

so that, 

(12)'12 M ,  - [sin20+2(1 -cos 0 ) / ~ , ] ' / ~  - 
Poh (COS e - E , ~ E z )  

which can be substituted into equation (3) to obtain $. As an example, consider the 
limit of E,+O, for OL = p = 0. Under these conditions, 

1 (1 - cos q1I2 - 1 . 2 ~ 6 ~ ~ ( 2 ~ , ) 1 / 2  
- 1.286( 1 - cos - E,,/(~E,)"* ' $=tan - '  

and is plotted in Fig. 7. It should be noted that if the residual strain is compressive 
and has a magnitude greater than about 2.6(~,)'/* in this limit, contact will always 
occur at the crack tip over the entire range of possible peel angles. Over a limited 
range of tensile residual strains, the geometry of the peel test can be chosen so as 
to conduct a mode-I test. Furthermore, the change in sign of the phase angle for 
larger, tensile residual strains may cause a change in the crack path to one in which 
the crack propagates in a stable trajectory within the substrate and parallel to the 
interface. 32-33 

CONCLUSIONS 

The insensitivity of the phase angle to the peel angle is, perhaps, the most important 
finding of the analysis presented in this paper. When stiff films are peeled from a 
substrate, the phase angle is essentially constant, except at very small peeling angles. 
An interfacial toughness deduced from the peel test is, therefore, expected to be 
fairly independent of the peel angle (assuming that conditions of small-scale plas- 
ticity are met). Only when the film is very compliant, with peel strains of almost 
lo%, is there any substantial effect on the phase angle. Although some experiments 
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90" 
70" 

50" 

30" 
6 

Q) -10" 

if -30" 

= t 10" 

2 
a 

-50" 

-70" 

-90" 
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Normalised residual strain, E ~ / ( ~ E J ' / ~  

FIGURE 7 Phase angle as a function of residual strain in the film for peel angles of lo", 90" and NO", 
no elastic mismatch and in the limit of the peel strain tending to zero. 

that meet this condition have been it is not possible at present to corre- 
late these results with the theory because the combination of materials used was 
such that the elastic mismatch was significantly larger than the maximum mismatch 
for which the parameter o in equation (9) has been calculated. Effects of the phase 
angle do become important at small peel angles when the analysis predicts crack- 
tip contact; frictional effects are then expected to have a significant influence on the 
apparent toughness. Furthermore, both the phase angle and the force necessary to 
peel a film are very sensitive to any residual strain that may exist in the film. The 
effects of residual strain must, therefore, be taken into consideration when inter- 
preting the results of a peel test. 
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Appendix 

An alternative derivation of the phase angle can be obtained by calculating the 
crack-tip loads from the solutions for an e l a ~ t i c a . ~ ~  The normal force, shear force 
and bending moment, P(s), T(s) and M(s)  respectively, are functions of the arc 
length, s, in the peel-test geometry shown in Fig. Al .  Equilibrium of an infinitesimal 
element requires that 

dMfs) + T(s) = 0 ds 

where + is the angle shown in Fig, Al.  The constitutive relations, assuming linear 
elasticity, are 

Elh3 d+ M(s)  =- - 12 ds 

P(s) = Elhe(s) ( A 4  
where E(s) is the strain in the element. From equations (A.3) and (A.4), an expres- 
sion for T(s) can be found which, when inserted into equation (A.2), gives 

-+'--- dP(s) E h3 d+ d2+ - 
ds 12 ds ds2 ('4.6) 
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FIGURE A1 
on an infinitesimal element. 

Geometry and sign conventions for the elastica solution. The inset figure shows the forces 

After integration and substitution of equation (A.4), an expression for P(s) is 
obtained: 

6M2(S) P(s) + - = constant 
Elh3 

If the length of the film, L, is assumed to be large, the boundary conditions are 
P(L) = P, and M ( L )  = 0, giving the constant in equation (A.7). Now, at s = 0, overall 
equilibrium of the elastica gives P o =  P, cos 0 ,  and, hence, from equation (A.7), 

M,, = ( P,( 1 - cos 0)L,h3/6)”’ ( A 4  
which is identical to equation (8) in the limit of E , = O .  Using this value for M, in 
equation (3) and setting P , = P ,  cos 8, equation (10) for the phase angle at small 
values of E, is obtained. 

One other comment of interest concerns the second-order effect of the shear 
force which, at s=O, is given by T,= P, sin 8. This effect has been ignored in the 
derivation of the phase angle given above, but its influence on the energy-release 
rate can be seen immediately by reformulating equation (6) in terms of Po,  M, and 
T, : 

% = [ (P t  + c) + 1 2 e / h ’ ] / 2 E l h  (A.9) 
This is very similar to equation (1) with the shear force appearing as a correction 
term; this term can often be neglected in many applications, but not necessarily in 
the peel geometry. 
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